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We numerically study the behavior of spin–1/2 fermions on a two-dimensional square lattice sub-
ject to a uniform magnetic field, where opposite spins interact via an on-site attractive interaction.
Starting from the non-interacting case where each spin population is prepared in a quantum Hall
state with unity filling, we follow the evolution of the system as the interaction strength is increased.
Above a critical value and for sufficiently low flux density, we observe the emergence of a twofold
quasidegeneracy accompanied by the opening of an energy gap to the third level. Analysis of the
entanglement spectra shows that the gapped ground state is the bosonic 1/2 Laughlin state. Our
work therefore provides compelling evidence of a topological phase transition from the fermionic
quantum Hall state at unity filling to the bosonic Laughlin state at a critical attraction strength.
PACS numbers: 73.43.Cd, 03.65.Vf, 67.85.-d
Topological phases of matter represent a subject of
intense research [1–3], offering the prospect of realiz-
ing fault tolerant quantum computation [1, 2, 4]. The
rapid growth of this field, since the first observation of
the quantum Hall effect, is largely due to experimen-
tal progress in producing high quality and purity ma-
terials [1, 2]. In this context, ultracold quantum gases,
which feature clean, flexible and well characterized envi-
ronments, appear as promising systems. Furthermore,
as they are comprised of electrically neutral particles
that can be either fermionic or bosonic, atomic quantum
gases may provide a new vista on the subject [5–8]. No-
table achievements in this direction include the creation
of Bose-Einstein condensates (BEC) in the lowest Lan-
dau level via fast rotation [9, 10], the realization of the
Harper–Hofstadter [11–13] and Haldane [14] models in
optical lattices, and more recently the observation of chi-
ral currents in atomic ladders [15–17], as well as the mea-
surement of the second Chern number of a non-Abelian
Yang monopole [18].
A remarkable feature of ultracold gases is the ability
to use tunable attractive interactions to convert, in real
time, a pair of distinguishable fermions into a tightly
bound bosonic molecule (BM) [19, 20]. From the per-
pective of topological matter, this feature opens unique
possibilities. Suppose a two-dimensional (2D) spin-1/2
fermionic system is initially prepared in an integer quan-
tum Hall (IQH) state for each spin component (↑ and
↓), with filling factor ν↑ = ν↓ = n. As the attrac-
tion strength is brought to the strong binding limit, each
fermion pair forms a bosonic molecule that carries twice
the fermion (neutral) charge, and hence experiences twice
the magnetic flux seen by a fermion. As a result, the fi-
nal many-body system would be characterized by a filling
factor ν↑,↓/2, provided all bosons occupy the lowest band.
Building upon this observation, K. Yang and H. Zhai
pointed out, almost a decade ago, the possibility of us-
ing a Feshbach resonance to drive a transition between
a fermionic IQH state and a bosonic fractional quantum
Hall (FQH) Laughlin state [21]. These two topologically
distinct phases were shown to be separated by a quantum
phase transition whose critical behavior remains an im-
portant open question [22–24]. More recently, T-L. Ho
proposed the use of a rapid sweep through this transi-
tion to project fermionic IQH states onto the BEC side
of the Feshbach resonance in order to reveal the bosonic
FQH structure of its center-of-mass wave function [25].
However, so far, these two analytic studies have not been
supported by a microscopic approach. It is also impor-
tant to determine whether such transition can occur in
the presence of a lattice, which can strongly alter the
system’s topological properties [26–38].
In this Letter we numerically study the behavior of
spin-1/2 fermions on a 2D lattice subject to a homoge-
neous magnetic field, with attractive on-site interaction
between ↑ and ↓ spins. Using energy and particle en-
tanglement spectroscopy on finite size systems, we pro-
vide evidence for the existence of a topological phase
transition from the fermionic IQH ν↑,↓ = 1 state to
the 1/2 bosonic Laughlin state above a critical attrac-
tion strength. As the transition occurs in the low flux
limit, our findings also serve as a microscopic support to
the quantum field description [21] and the wave function
analysis [25] suggested in the continuum case.
The system of interest here is described by the Fermi-
Hubbard model with minimal coupling to a gauge field
via Peierl’s substitution. The Hamiltonian reads
H = −t
∑
〈r,r′〉,σ=↑,↓
(
eiϕrr′ c†r,σcr′,σ + h.c.
)
+ U
∑
r
nr,↑nr,↓
(1)
where 〈r, r′〉 denotes neighboring lattice sites r = (x, y),
cr,σ (resp. c
†
r,σ) annihilates (resp. creates) a fermion with
ar
X
iv
:1
61
2.
09
18
4v
1 
 [c
on
d-
ma
t.s
tr-
el]
  2
9 D
ec
 20
16
2spin σ at site r, nr,σ = c
†
r,σcr,σ and ϕrr′ =
∫ r′
r
A · dl are
Aharonov-Bohm phases derived from the coupling to the
underlying vector potential A (see Fig. 1a). Fermions
of opposite spin interact through an attractive on-site
interaction of strength U ≤ 0. In the absence of interac-
tions (U = 0), the spectrum of this model is the fractal
Hofstadter butterfly [30].
We consider 2N fermions (N per spin state) dis-
tributed over Ns sites of the square lattice and experi-
encing a total magnetic flux Nφ Φ0, where Φ0 is the flux
quantum. We define the flux density α =
Nφ
Ns
, mean-
ing that the flux per lattice site is αΦ0. We choose
α = 1/q with q an integer, such that each magnetic unit
cell is composed of q lattice sites, and is characterized
by a single-particle spectrum with q bands. The filling
factor per spin state of the lowest band therefore reads
ν↑,↓ = N/Nφ. We allow the interaction strength |U | to
take arbitrarily large values and therefore take into ac-
count all q bands. While this restricts the numerically
accessible system sizes to 2N ≤ 8, it has the crucial
advantage of including band mixing and band disper-
sion effects, thus capturing all features of the Harper–
Hofstadter model. Our aim is to study the nature of the
many-body ground state of the system as a function of
flux density and interaction strength. We focus on the
situation where the number of fermions per spin state is
equal to the number of flux quanta (N = Nφ), such that
the filling factor per spin state is ν↑,↓ = 1.
In order to build an intuition about the system’s pos-
sible behavior, let us consider first the low flux limit
α  1, where the Harper–Hofstadter model is similar
to the continuum case. There, one can anticipate that
a system initially prepared in the ν↑,↓ = 1 IQH state
could evolve into the bosonic 1/2 Laughlin state [21].
Indeed, for increasing attraction, ↑ and ↓ fermions will
form pairs of increasing binding energy and decreasing
pair size. For sufficiently large attraction, each fermion
pair, whose size becomes smaller than any other length
scale, acts as a bosonic molecule (BM) experiencing a flux
density α˜ = 2α. Therefore the emerging many-body sys-
tem – composed of N bosonic molecules – could feature
a filling factor ν˜ = 1α˜
N
Ns
=
ν↑,↓
2 = 1/2 of the lowest band.
This scenario, depicted in Fig. 1, remains to be revealed
via a microscopic description in both the continuum and
lattice systems.
In lattice systems, it was shown that the 1/2 bosonic
Laughlin state may form in the Harper–Hofstadter model
at low flux (α˜  1) for both hard-core and finite repul-
sive interactions [39, 40]. Therefore, in the strong binding
|U |/t 1 and low flux α˜  1 limits, the Laughlin state
represents a reasonable candidate ground state of the
Hamiltonian (Eq. 1). However, our model comes with an
additional difficulty: the composite nature of the bosons
is associated with the energy scale |U |, whose competi-
tion with the other energy scales could favor competing
a b
c
FIG. 1. (a) Schematic description of the Harper–Hofstadter
model on a square lattice with Landau gauge in the y-
direction. Each plaquette is pierced by a flux φ = 2piα, where
α is the flux density defined in the main text. The phase φ
is proportional to ϕrr′ in Eq. 1. For simplicity, we omit the
minus sign in the tunneling. (b) The flux seen by a bosonic
molecule is twice the one of a single fermion. (c) Possible sce-
nario of a phase transition induced by an attractive on-site
interaction between the fermions. At small |U |, the system is
described by the ν↑,↓ = 1 IQH state. At large |U |, fermions
bind into bosonic molecules and the system forms the 1/2
Laughlin state.
phases. In the following, we describe our analysis of the
microscopic Hamiltonian (Eq. 1).
Energy spectra — For our numerical calculations, we
apply periodic boundary conditions in both directions
and choose the number of sites in each direction such that
the aspect ratio is close to one. The momenta (Kx,Ky)
are defined by the translations of the magnetic unit cell
on the lattice [41]. The Hamiltonian matrix is block-
diagonal in these quantum numbers as well as in the
total magnetization Sz and spin inversion parity  for
Sz = 0. We have performed the exact diagonalization of
the Hamiltonian of Eq. (1) at ν↑,↓ = 1 up to q = 10 us-
ing these symmetries. Due to computational constraints,
the number of fermions is limited to 2N = 8. Our re-
sults are plotted in Fig. 2 for α = 1/8 and α = 1/10.
When U = 0, the fermions completely fill up the low-
est band of the Harper–Hofstadter model and realize the
ν↑,↓ = 1 IQH state. It is characterized by a single ground
state in the (Kx,Ky) = (0, 0) sector separated by a large
gap δ from higher energy states. As shown in Fig. 2a
(top panel), a moderate interaction (U = −t) does not
change this picture. On the contrary, when |U |/t = 30
(Fig. 2a, bottom panel), the gap δ is small compared
to the energy difference between the second and third
lowest energy eigenstates ∆. This quasi twofold degen-
eracy is characteristic of the ν˜ = 1/2 Laughlin state on
a torus (here the lattice with periodic boundary condi-
3tions). The quasidegenerate ground states are found in
the (Kx,Ky) = (0, 0), Sz = 0 sector and have a par-
ity  = (−1)N under spin inversion, which is consistent
with this interpretation. We computed these spectra for
various interaction strengths U and the results are sum-
marized in Fig. 2b. The gap δ is seen to persist for at-
tractive interactions as strong as U ' −10t, regime at
which ∆ starts to increase. ∆|U | eventually saturates at
|U |/t ' 30. Note that for α > 1/8 we do not observe
any twofold quasidegeneracy at any value of U , proba-
bly due to larger lattice effects. This is reminiscent of
the bosonic Harper–Hofstadter calculations, where the
Laughlin state is not observed for α˜ & 1/3 [39, 40]. In-
terestingly, the closing of the IQH gap δ and opening of
the second gap ∆ seem to coincide for all system sizes
considered here, and the critical value of U shows very
little dependence with system size and flux density. This
suggests a direct phase transition between the IQH and
the Laughlin phase.
As complementary evidence to the ground state degen-
eracy, we also checked the degeneracy of the quasihole
excitations [42]. However, note that in a finite system
a charge density wave (CDW) can have the same low
energy spectrum as the Laughlin state (and likewise con-
cerning their respective excitations). The precise nature
of the phase can be determined using entanglement spec-
troscopy [43, 44], which is the purpose of the following
section.
Entanglement spectroscopy — In order to establish
the nature of the twofold ground state at large |U |, we
use the particle entanglement spectrum (PES) [44]. The
entanglement spectrum was originally introduced to ex-
tract the edge spectrum from the ground state wave func-
tion [43]. The PES uses a similar method to reveal the
nature of bulk quasihole excitations and was crucial to
fully establish the emergence of FQH states in Chern in-
sulators [32]. Unlike the number of quasihole states in
the energy spectrum, it can distinguish between FQH
and CDW states in Chern insulators [45] and identify su-
perfluid phases in the Hofstadter model [46]. The PES is
the spectrum of − log ρA where ρA = TrBρ is the reduced
density matrix obtained by tracing over NB ≡ 2N −NA
particles, the labels A and B referring to two comple-
mentary parts of the whole system. Thus, ρA commutes
with the total momentum (Kx,A,Ky,A) and the spin SA
of the subsystem A, as well as the spin inversion parity A
when Sz,A = 0. When the ground state is almost twofold
degenerate, we consider ρ = 12
∑2
i=1 |Ψi〉 〈Ψi| where |Ψ1〉,
|Ψ2〉 are the two ground states. Generically, the PES has
low entanglement energy levels separated from higher en-
tanglement levels by an entanglement gap, which is infi-
nite for model FQH states, but finite in the Hofstadter
model [46]. The number of levels below the entanglement
gap is related to the number of quasihole states and is a
fingerprint of a given topological phase.
We have computed the PES at small and large |U |,
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FIG. 2. (a) Energy spectrum of 2N = 6 fermions for flux
densities α = 1/8 (left column) and α = 1/10 (right column)
and different interaction strengths U = −t (upper panel) and
U = −30t (lower panel). The ground state is not degenerate
for U = −t while it is quasi twofold degenerate for U = −30t.
The even states under spin inversion have an energy offset
|U | and, thus, are not visible on the graphs. (b) Evolution
of the first (δ) and second (∆) energy gaps with increasing
interaction strength |U |.
starting respectively from the unique and the twofold
degenerate ground state. We focused on the flux values
α = 1/8 and α = 1/10 for which quasidegeneracies were
observed. Here, we provide evidence that the large |U |
phase shows all features of the Laughlin state from the
PES perspective. Additionally, we use the entanglement
gap as a witness of the phase transition. Further details
of the PES analysis are provided in [42].
The nature of the phase at large |U | can be settled
by investigating the NA = 4 partition. Indeed, it is the
smallest partition with multiple (two) BMs in the subsys-
tem A, and the PES will reveal their interaction. Fig. 3a
shows the PES obtained at strong attraction (|U | = 30t)
for 2N = 8 with a particle partition NA = 4 in the sector
SAz = 0. Below the entanglement gap, there are 20 states
(6, 4, 6, 4), which is the expected counting for the ν˜ = 1/2
bosonic Laughlin state, as known from the generalized ex-
clusion principle [47]. This constitutes strong evidence of
the emergence of Laughlin physics in this system. Given
the large Hilbert space dimension and the smallness of
the energy gap we used a truncated Hilbert space (cor-
responding to the projection onto the space with at least
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FIG. 3. (a) Entanglement spectrum for 2N = 8 fermions,
|U | = 30t and α = 1/8 (left) and α = 1/10 (right), with a
particle partition NA = 4 in the sector S
A
z = 0. The low
entanglement energy levels are all even (blue) under spin in-
version which reveals the existence of a pairing gap. The hor-
izontal black line indicates the midgap energy. The number
of states below this line is 20 (6,4,6,4), which is the expected
counting for the bosonic Laughlin state. (b) Evolution of
the entanglement gap of the IQH (∆IQHξ ) and Laughlin (∆ξ)
states with increasing pairing strength |U | for 2N = 6 and
NA = 3, α = 1/8 (left) and α = 1/10 (right).
3 tightly bound BMs) to obtain the eigenvectors of these
two systems before computing their PES. We quantita-
tively justify this approximation in the supplementary
materials [42].
The entanglement gap ∆ξ can be used to monitor the
phase transition, providing complementary evidence to
the energy spectra. In Fig. 3b we plot ∆ξ as a function of
the interaction strength for 2N = 6 fermions andNA = 3,
which corresponds to a reasonable computation time. It
reveals the transition from an IQH entanglement gap to a
Laughlin entanglement gap. Remarkably, the transition
point is found for |U | ' 10 t, in agreement with the result
extracted from the energy spectra (Fig. 2b).
System size effects — In order to characterize the
phase transition from fermionic IQH state to the candi-
date bosonic phases, it is necessary to reliably extrapolate
our results to the thermodynamic limit, which requires
large N values. However the spinful fermionic model
Eq. (1) limits us to systems with only a few pairs of
fermions. As a compromise, we focus here on the large U
limit, where the model Eq. (1) can be mapped onto the
following hard-core bosonic Hamiltonian:
Hbos = −t˜
∑
〈r,r′〉
(
e2iϕrr′a†rar′ + h.c.
)
(2)
where t˜ = t
2
|U | and a
†
r (resp. ar) creates (resp. annihi-
lates) a hard-core boson at site r. This Hamitonian al-
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FIG. 4. Scaling of the energy gap above the twofold quaside-
generate ground states of the hard-core bosonic model Eq. (2)
with inverse particle number for various flux densities α˜.
There is no quasidegeneracy for α˜ > 1/4. The finite size
effects are important for α˜ = 1/4, but become smaller for
α˜ < 1/4, suggesting a finite gap in the thermodynamic limit.
lows us to evaluate finite size effects by simulating larger
systems as well as to investigate a larger range of α˜. In
this limit, we will thus treat the bosonic model Eq. (2)
with N bosons at flux density α˜ = 2α as the analog
of the model Eq. (1) with 2N fermions at flux density
α. The 1/|U | scaling of the gap in the large |U | limit
(Fig. 2b) supports this approximation for |U |/t > 50. We
computed the low energy spectrum of the Hamiltonian
Eq. (2) for 1/8 . α˜ . 1/3 and all numerically accessible
particle numbers, extending by up to 4 bosons the com-
putations in [39]. For α˜ . 1/4, we found that the ground
state is quasi twofold degenerate.The gap ∆ between the
second and third lowest energy states is shown in Fig. 4,
and displays a smooth behavior as a function of N for
α˜ < 1/4, which suggests a finite value at the thermody-
namic limit. As expected, the finite-size effects decrease
as α˜ approaches the continuous limit α˜  1 and they
appear to still be important at α˜ = 1/4. For α˜ ≤ 1/4,
the PES analysis yields a number of states below the en-
tanglement gap that is the one expected for the Laughlin
state, in agreement with our findings on the fermionic
model at even NA.
Conclusion — In this letter, we showed that attrac-
tive interactions between opposite spin fermions trigger a
phase transition between a ν↑,↓ = 1 fermionic IQH state
and a bosonic Laughlin state in the Harper–Hofstadter
model. The transition occurs for a critical interaction
strength of the order of the full linewidth of the 1-body
spectrum. As this effect is found to occur in the low flux
density limit, we also expect a similar phase transition
in the continuum, as was suggested by field-theoretical
arguments [21]. Our work demonstrates that dynamical
fermion pairing, as realized in quantum gas experiments,
open novel possibilities for the exploration of topological
matter. Combined with the techniques developed for the
realization of topological matter with ultracold atoms,
this feature might provide a new pathway to create and
probe nontrivial topological phases [48].
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6SUPPLEMENTAL MATERIAL
In this supplementary material, we give additional data
supporting the conclusions of the main text. All results
described here were obtained via exact diagonalization
of the spin–1/2 fermionic Hamitonian Eq. (1). We fo-
cus on flux densities α = 1/8 and α = 1/10 where a
Laughlin-like state was identified in the strongly inter-
acting regime.
Quasihole excitations
Quasihole excitations can be created in the system by
lowering the number of fermions while keeping the other
parameters untouched. Starting from the ground state
with 2N = 8 fermions in the strongly interacting regime
(U = −30t), we removed 2 fermions, which corresponds
to removing one bosonic molecule (BM). The energy
spectrum of this system is shown in Fig. 5. It displays a
low-energy manifold of quasi-degenerate states separated
by a clear gap from higher energy states. All low-energy
states are odd under spin-inversion, as is expected from
the fact that they are made of 3 BMs, and their num-
ber (16) is the same as the number of low-energy states,
the so called quasiholes states, in the bosonic ν˜ = 1/2
Laughlin system with N = 3 bosons and Nφ = 8 flux
quanta. The number of states per momentum sector is
predicted using the generalized exclusion principle [47]
and the mapping [49] between magnetic and lattice Bril-
louin zones.
Hilbert space truncation
For our numerical calculations, we worked in the
Hilbert space defined by all configurations of 2N spin–
1/2 fermions on Ns =
NΦ
α sites (Ns =
N
α at filling frac-
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FIG. 5. Low-energy spectrum of the system with 2N = 6
fermions at flux densities α = 1/8 (left panel) and α = 1/10
(right panel) with an attractive interaction of strength U =
−30t. The even states under spin inversion have an energy
offset |U | and are thus not visible on the graphs. There is a
clear many-body gap whose position is indicated by a black
line. The number of states below it is 16 (4 per sector) which
is the number of quasiholes states expected for the ν˜ = 1/2
Laughlin state with one quasihole.
tion ν↑,↓ = 1). Due to the large interaction strength
|U |/t  1, we need to allow the occupation of all bands
of the Harper–Hofstadter model, leading to very large
Hilbert spaces even for a small number of fermions. Tak-
ing all symmetries into account, the largest subspace of
the system 2N = 8, α = 1/10 (respectively α = 1/8)
has a dimension of 1.04 109 (resp. 1.7 108). Moreover,
the very different energy scales of the problem in the
strongly interacting |U |/t  1 regime add to the com-
putational burden. Roughly speaking, the gap ∆ above
the twofold ground state is of the order of t
2
|U | , while the
entire spectrum has an amplitude N |U |. The small ratio
t2
NU2 between these two quantities is thus particularly un-
favorable, and leads to very long convergence times since
it controls the convergence of the Lanczos algorithm used
here.
Given these computational constraints, it is advanta-
geous to diagonalize the Hamiltonian Eq. (1) in a trun-
cated basis. To build the truncated Hilbert space, we dis-
card the fermionic configurations with (strictly) less than
n BMs. For this purpose, we consider that two fermions
with opposite spins at the same lattice position consti-
tute a BM. At large |U |/t, the configurations with the
smallest numbers of BMs have the smallest coupling ele-
ments in the Hamiltonian matrix, and suppressing them
will only lead to minor modifications of the ground state.
Note that the constraint n = N is equivalent to a Hilbert
space of hard-core bosons, while n = 0 corresponds to the
full fermionic Hilbert space.
To compute the particle entanglement spectra (PES)
at 2N = 8 (Fig. 3a of the main text), we restricted the
Hilbert space to the configurations with at least n = 3
BMs. We have quantitatively checked the validity of this
approximation by computing the weight of the n = 1
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FIG. 6. PES at NA = 4 and Sz,A = 0 of the twofold quaside-
generate ground state of the system with 2N = 8 fermions
at U = −30t and flux density α = 1/8 obtained with dif-
ferent levels of approximation. The diagonalization of Eq. 1
was performed in the Hilbert space restricted to fermionic
configurations with at least n = 1 (left) n = 2 (middle) or
n = 3 (right) BMs. The three PES look very similar, and
share the same universal features: there is an entanglement
gap separating the lowest 20 (6, 4, 6, 4) states from the rest of
the PES, as expected for the bosonic Laughlin ν˜ = 1/2 state.
The relative variation of the entanglement gap as the level of
approximation is changed from n = 1 to n = 3 is smaller than
6%.
7twofold ground state on the n = 2, 3, 4 Hilbert spaces.
For α = 1/10 (resp. α = 1/8), these weights are 0.99998,
0.99859, 0.93944 (resp. 0.99998, 0.99866, 0.94083) at
U = −30t where the PES calculations were performed.
For the same interaction strength and 2N = 6 where the
ground state can be computed without any restriction
(n = 0), its respective weights on the n = 1, 2, 3 Hilbert
spaces are 0.99999, 0.99928 and 0.95420 for α = 1/10
(respectively 0.99999, 0.99932 and 0.95529 for α = 1/8).
These very high weights show that the ground state is
essentially captured by the n = N − 1 Hilbert space at
U = −30t thus validating the use of a truncated Hilbert
space to compute the PES.
Additionally, we computed the PES of the twofold
ground state at 2N = 8, α = 1/8 and U = −30t for
various degrees of truncation. Fig. 6 shows the PES at
NA = 4 starting from the ground state obtained while
keeping configurations with at least n = 1, 2 and n = 3
BMs. While these PES are numerically different, it is
almost impossible to distinguish them, and the relative
variation of the entanglement gap between n = 1 and
n = 3 is less than 6%. This further validates the use of
the approximation in Fig. 3a of the main text.
Particle entanglement spectra
To complement the PES analysis of the main text, we
give a detailed account of all the PES features observed
in the weakly and strongly interacting regimes. They are
in full agreement with the conclusions of the main text.
Fig. 7 shows the PES of the unique ground state ob-
tained in the weakly interacting regime (U = −t) with
2N = 6, NA = 1, 2, 3. We observe a clear entanglement
gap for all values of NA, and the number of states be-
low it is given by the number of ways to distribute NA
fermions in the lowest band of the Harper–Hofstadter
model, confirming the integer quantum Hall nature of the
ground state. In a given entanglement spectrum sector
defined by (NA, Sz,A), it is indeed
(
NΦ
NA,↑
)(
NΦ
NA,↓
)
, where
NA,↑ = NA/2 + Sz,A (resp. NA,↓ = NA/2− Sz,A) is the
number of spin up (resp. down) fermions in subsystem
A.
In contrast, the PES obtained in the strongly attrac-
tive regime display different behaviors depending on the
parity of NA, due to the paired nature of the state.
Fig. 8 shows the PES of the twofold almost degenerate
ground state obtained in the strongly interacting regime
(U = −30t) with 2N = 6, NA = 1, 2, 3.
Let us first focus on the even values of NA. In this case,
we always observe an entanglement gap, and the number
of states below it is equal to the number of quasihole
states in the bosonic system with twice the flux. These
low energy levels appear only in the sector Sz,A = 0
and have a parity A = (−1)NA/2 under spin inversion.
For NA = 2, their number 2NΦ is the number of single-
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FIG. 7. PES of the unique ground state of the system with
2N = 6 fermions at U = −t and flux density α = 1/8(left
panel) and α = 1/10 (right panel). For the sake of clarity,
we only show the lowest entanglement levels. The particle
partition is characterized by NA = 1, 2, 3 and respectively
Sz,A = 1, 0, 1. When Sz,A = 0, the odd (resp. even) states
under spin inversion are represented in black (resp. blue).
By convention, we set A = 0 when spin inversion is not a
symmetry of the system (SzA 6= 0). The black line materi-
alizes the position of the entanglement gap. The number of
states below it is the same in each momentum sector and is
indicated next to each state.
particle states in the lowest band of the BM model. For
2N = 6 and NA = 2 (Fig. 8), there are indeed 6 states
below the entanglement gap. This confirms the formation
of BMs in the lowest band at large |U |. The NA = 4 PES
(shown in the main text for 2N = 8) probes their many-
body behavior, and has the same counting as the ν˜ = 1/2
Laughlin state.
Let us now consider the odd values of NA. For NA = 1,
the reduced density matrix is full rank and all its eigen-
values have the same order of magnitude, as is clearly
visible in Fig. 8. This demonstrates that the large |U |
phase is completely featureless in the fermionic language.
For NA = 3, we observe an entanglement gap ∆ξ. As can
be seen in Fig. 8, the number of states below it is respec-
tively 3 × 32 and 3 × 40 in the 2N = 6, α = 1/8 and
α = 1/10 systems (or generically N × 4α−1). The low
entanglement levels appear in the Sz,A = ±1/2 sector
and can be interpreted as the low energy spectrum of a
BM and a free fermion. In this picture, the BM occupies
one of the 2Nφ = 2N Landau orbitals of the BM lowest
band and is thus delocalized on NsN sites. Due to the Pauli
principle, the fermion can access any of the (N−1)Ns/N
remaining sites, leading to the observed counting.
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FIG. 8. PES of the twofold quasidegenerate ground state of
the system with 2N = 6 fermions at U = −30t and flux
density α = 1/8 (left panel) and α = 1/10 (right panel).
For the sake of clarity, we only show the lowest entanglement
levels. The particle partition is characterized by NA = 1, 2, 3
and respectively Sz,A = 1, 0, 1. When Sz,A = 0, the odd
(resp. even) states under spin inversion are represented in
black (resp. blue). By convention, we set A = 0 when spin
inversion is not a symmetry of the system (SzA 6= 0). The
entanglement levels NA = 1 PES all have the same order
of magnitude. The black line materializes the position of the
entanglement gap in the NA = 2, 3 PES. The number of states
below it is the same in each momentum sector and is indicated
next to each state.
